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Abstract. All mutually inequivalent toroidal gradings of the Lie algebrasl(3, C) are
constructed. Each of them provides several different graded contractions to other eight-
dimensional Lie algebras. These can be either continuous, or discrete. The continuous ones are
related to generalized Wigner–Inonu contractions. The behaviour ofsl(3, C) Casimir operators
under the graded contractions is studied and the Casimir and generalized Casimir operators of
the contracted Lie algebras are presented.

1. Introduction

Let us consider a physical problem described by a system of equations, be they algebraic,
differential, finite difference, integral, or some combination of the above. A crucial feature
of the problem is the symmetry groupG of the system, i.e. the group of transformations
that takes solutions into solutions.

It is always of interest to study relations arising between problems corresponding to
different, but related groupsG.

One such type of relation between different Lie groups is mutual inclusion:G0 ⊂ G.
Systems invariant under a groupG are related to those invariant under a subgroupG0 ⊂ G

via symmetry breaking.
A different type of relation between Lie algebras (and the corresponding Lie groups) is

provided by Lie algebra contractions and deformations. A given Lie algebraL of dimension
n is embedded into a family of Lie algebras depending on parameters. All algebras in the
family have the same dimensionn, but they can belong to different isomorphy classes.

Lie algebra contractions were introduced in a more specific manner by Inonu and Wigner
[1], further studied e.g. by Saletan [2] and reviewed e.g. by Gilmore [3].

Wigner–Inonu contractions can be viewed as singular changes of bases, starting from
some chosen basis in a given Lie algebra. Indeed, consider a basis{e1, . . . , en} of a Lie
algebraL. Introduce a new basis

fi = Uik(ε1, . . . , εp)ek

Uik(1, . . . , 1) = δik

(1.1)

whereUik is some matrix depending on the parametersεi . Let U be nonsingular forεi 6= 0,
|εi | < ∞, but singular when one or more of the parameters go to zero. Forεi 6= 0 the new
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basis will satisfy commutation relations with structure constantsC̃ikl transformed from the
original onesCikl :

C̃ikl = Uia(ε)Ukb(ε)CabdU
−1
dl (ε). (1.2)

For εi → 0, formula (1.2) no longer holds and we obtain a new algebra, the contracted one,
in general not isomorphic toL.

Typical examples, bringing out the physical meaning of contractions, are contractions
from Poincaŕe groupsP(n, 1) to Galilei groupsG(n) in the singular limit 1/c → ∞, where
c is the speed of light. Another example is the contraction of the de Sitter groupsO(3, 2),
or O(4, 1) to the Poincaŕe, or Euclidean groups [4, 5] when the ‘radius of the universe’R

satisfies 1/R → 0.
A different approach has been investigated more recently, namely that of ‘graded

contractions of Lie algebras’ [6–10]. A grading by a finite Abelian group (most often
a cyclic group) of automorphisms ofL decomposes the Lie algebra into a sum of grading
subspaces

L = L0 u L1 u · · · u LM, [Li, Lk] ⊆ Li+k(modM) (1.3)

whereM is the order of the grading.
Instead of modifying the basis we modify the commutation relations in a manner that

respects the grading

[Li, Lk] ⊆ εikLi+k(modM) (1.4)

i.e.

[x, y]ε ≡ εik[x, y] ⊆ Li+k x ∈ Li, y ∈ Lk.

The parametersεik do not depend on the choice ofx andy, only on the grading subspaces
involved (i.e. oni andk).

In order for the new deformed commutation relations to define a Lie algebra, that is to
satisfy the antisymmetry condition and the Jacobi relations, the parametersεik must satisfy

εik = εki (1.5)

and

εij εi+j,k = εikεi+k,j = εjkεj+k,i . (1.6)

Once a Lie algebra and a grading are given, a systematic study of graded contractions
amounts to solving equations (1.5), (1.6) and then taking all limitsεik → 0, compatible
with these relations. The system (1.6) has two kinds of solutions. The first are ‘continuous’
ones: the chosen contraction coefficientsεik can go to zero continuously, without ever
violating the Jacobi relations (1.6). For ‘discrete’ graded contractions the Jacobi relations
hold only after the limit is taken: one algebra changes into another one discontinuously.
The continuous graded contractions are closely related to Wigner–Inonu contractions [11].

A recent article [6] was devoted to graded contractions of the Lie algebrasl(3, C).
One particular grading was introduced, namely aZ7 toroidal grading, the finest grading
that can be induced by a discrete subgroup of the Cartan subgroup of the corresponding
group (SL(3, C) in the case under consideration). This grading is equivalent to the root
decomposition of the Lie algebraL ∼ sl(3, C).

The problem of classifying and obtaining all graded contractions, corresponding to the
finest grading, turned out to be a complex one, even for a relatively low-dimensional simple
Lie algebra, such assl(3, C). Indeed 32 different isomorphy classes of contracted Lie
algebras were obtained [6].
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Figure 1. Hierarchy of toroidal gradings ofSL(3, C). The levels are determined by the order
M of the grading group; each grading subspaceLj is specified by an explicit choice of its
generators; the conjugacy class of element generating the grading group is also shown.

In this article we first determine the hierarchy of non-equivalentsl(3, C) gradings
(figure 1) by the elements of a maximal torus of the groupSL(3, C) (toroidal gradings).
Then we consider the contractions preserving individual gradings.

The main idea of our approach is based on the following fact which becomes obvious
from the description of our method below. Consider01 and02, any pair ofsl(3, C) gradings
on figure 1 linked by an edge of the graph. SupposeT , is the coarser of the two. Then the
setsS1 andS2 of nonisomorphic Lie algebras arising by the contractions preserving01 and
02 respectively, are related byS1 ⊂ S2.

Thus having determined all the Lie algebras inS, one needs to find only those inS2\S1,
when01 is replaced by02. The result is not only a considerable economy of effort because
the same Lie algebra is not found several times, but more importantly we associate with
each contracted Lie algebra the coarsest grading(s) ofsl(3, C) which give rise to this Lie
algebra.

In section 2 we introduce the gradings ofsl(3, C) used in this article. They are generated
by an Abelian grading groupT0, a finite group of orderM with 2 6 M 6 7. The actual
contractions are performed in section 3, starting from the two coarsest ones. One of them
is obtained forM = 2, the other for one of the two possible distinctM = 3 gradings.
All other gradings are refinements of these two. Section 4 is devoted to the invariants of
the co-adjoint representation of the considered Lie algebras, or equivalently to the Casimir
and generalized Casimir opertors. More specifically, for continuous contractions we show
how the twosl(3, C) Casimir operators behave under contraction and we calculate all the
corresponding invariants of the contracted Lie algebras.
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2. Hierarchy of toroidal gradings

A toroidal grading [12, 13] of a semisimple Lie algebraL is a decomposition ofL into
the direct sum of linear subspaces, that are eigenspaces of a chosen subgroupT0 of the
maximal torusT of the corresponding Lie groupG. Since all choices of the maximal torus
of a semisimple Lie algebraL over the fieldC of complex numbers are equivalent, we
assume that a torus isa priori chosen and fixed. Two toroidal gradings ofL are considered
equivalent, if they can be transformed into each other by an inner automorphism ofL.

For a given grading ofL the choice of the grading subgroup is not unique. A natural
choice is to take this subgroup to be ‘as small as possible’.

For all but one toroidal grading ofsl(3, C) it suffices to choose the grading groupT0 as
a cyclic group of rather low order,M 6 7. The desired grading decomposition is obtained
as an eigenspace decomposition ofL under the actiongLg−1 of a single elementg ∈ T that
generates the cyclic groupT0. In the one remaining case, aZ2 × Z2 grading, two elements
are needed.

There are practical reasons for considering finite subgroups of the torus as grading
groups, rather than continuous ones. First of all, elements of finite order in the torus are
well known [10]. Secondly, their action on the Lie algebra and on any of its representations
is easily described.

Let us now turn to the task in hand, namely to determine all inequivalent toroidal
gradings of the Lie algebrasl(3, C). It is convenient to carry out our computations in the
three-dimensional irreducible representation ofsl(3, C), the defining representation. Without
loss of generality we can choose the maximal torusT to be realized by diagonal matrices
g ∈ C3×3 satistying detg = 1. An elementg ∈ T acting onL as an element of orderM,
i.e. satisfying

gMXg−M = X (2.1)

for all X ∈ L, is parametrized by a set of three non-negative mutually prime integers

s = [s0, s1, s2] s0, s1, s2 ∈ Z>0, gcd{s0, s1, s2} = 1 (2.2)

such that

M = s0 + s1 + s2. (2.3)

Explicitly we have [15]

g = diag{e2π i(2s1+s2)/M, e2π i(−s1+s2)/M, e2π i(−s1−2s2)/M} (2.4)

with M as in equation (2.3)
The non-negative integerss0, s1 ands2 can be visualized as being attached to the nodes

of the extended (affine) Dynkin diagram ofA2. A permutation of the labelss0, s1 and s2

only changes the ordering ofsl(3, C) roots. Hence, only one ordering need be considered;
permutations will give equivalent gradings.

Different choices ofs0, s1, ands2 can give equivalent gradings for another reason. This
is related to the finiteness of the dimension ofL: for a sufficiently high orderM of the
elementg some of the grading subspaces ofL will by necessity be empty. Let us now
obtain all toroidal gradings ofsl(3, C). The commutation relations for the Chevalley basis
are given in table 1.

M = 1. This is the trivial grading. The entire algebraL is an eigenspace of the elements
corresponding to [100], [010], or [001]. They all act as the identity onL.
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Table 1. Commutation relations ofsl(3, C) generators

h1 h2 e1 e2 e3 e−1 e−2 e−3

h1 0 0 2e1 −e2 −e3 −2e−1 e−2 e−3

h2 0 0 −e1 2e2 −e3 e−1 | − 2e−2 e−3

e1 −2e1 e1 0 e−3 −e−2 h1 0 0
e2 e2 −2e2 −e−3 0 e−1 0 h2 0
e3 e3 e3 e−2 −e−1 0 0 0 −h1 − h2

e−1 2e−1 −e−1 −h1 0 0 0 −e3 e2

e−2 −e−2 2e−2 0 −h2 0 e3 0 −e1

e−3 −e−3 −e−3 0 0 h1 + h2 −e2 e1 0

M = 2. The elements [011], [110] and [101] provide three equivalentZ2 decompositions.
We choose the element [011] and obtain

L0 = {h1, h2, e3, e−3} L1 = {e1, e2, e−1, e−2}. (2.5)

M = 3. There are two genuinely inequivalentZ3 grading ofsl(3, C). One is given by the
elements [111] and is

L0 = {h1, h2} L1 = {e1, e2, e3} L−1 = {e−1, e−2, e−3}. (2.6)

The gradings [011] and [111] are the only two ‘coarsest’ ones. They are refinements
only of the trivial grading. All other gradings are refinements of (2.5), (2.6), or both of the
above.

The otherZ3 grading corresponds to the element [012] (or some permutation of 0, 1
and 2), is given as

L0 = {h1, h2, e3, e−3} L1 = {e1, e−2} L−1 = {e−1, e2}. (2.7)

The levelsL1 andL−1 in (2.7) are obtained by splittingL1 of (2.5) into two.

M = 4. There are two inequivalent gradings of this type. AZ4 grading corresponds to
[211] (and permutations) and is a refinement of theM = 2 one:

L0 = {h1, h2} L1 = {e1, e2} L2 = {e3, e−3} L−1 = {e−1, e−2}. (2.8)

All permutations of [013] give the same grading as [012].
The secondM = 4 grading is the exceptional one, generated by two elements:

[011] × [110]. We have aZ2 × Z2 grading, namely

L00 = {h1, h2} L01 = {e3, e−3} L10 = {e2, e−2} L11 = {e1, e−1} (2.9)

and it is a refinement of theZ2 grading.

M = 5. Two types of elements of order 5 give equivalentZ5 grading namely [122] and
[113] (plus permutations). For [122] we have

L0 = {h1, h2} L1 = {e1, e2} L2 = {e−3} L−1 = {e−1e−2} L−2 = {e3}
(2.10)

a refinement of the [211] case. The elements [014] and [023] giveZ = 3 gradings,
equivalent to [012].



7524 M Ait Abdelmalek et al

M = 6. Only oneZ6 grading of this type exists (up to equivalence). We choose it to be
[312]:

L0 = {h1, h2} L1 = {e1} L2 = {e2} L3 = {e3, e−3}
L−1 = {e−1} L−2 = {e−2}.

(2.11)

M = 7. Up to equivalence we have precisely one such finest grading: the root
decomposition ofsl(3, C). The element [124] yields:

L0 = {h1, h2} L1 = {e1} L2 = {e2} L3 = {e−3}
L−1 = {e−1} L−2 = {e−2} L−3 = {e3}.

(2.12)

The entire hierarchy of toroidal gradings ofsl(3, C) is presented on figure 1. The
arrows indicate mutual refinements. Our particular choice of the elements of finite order,
amongst equivalent ones, was such as to make the mutual refinements as explicitly visible
as possible. Thus, we choose to keepe3 and e−3 together, whenever possible, rather than
choosing e.g.e1 ande−1.

3. The graded contractions

3.1. General procedure

As outlined in the introduction, we shall introduce a ‘contraction matrix’ε = εT = {εµν} ∈
CM×M , whereM is the order of the grading. The contraction matrix is symmetric (1.5) and
its matrix elements must satisfy the Jacobi relations (1.6).

There is a certain arbitrariness in the definition ofε. Whenever we have [Lµ, Lν ] = 0
in the grading, thenεµν is not defined and can be chosen arbitrarily. Furthermore,
the Demazure–Tits group [14] acts on the Lie algebraL. It relates different gradings
amongst each other and was already used to eliminate ‘redundant’ gradings corresponding
to permutations ofs0, s1, s2. Within a given grading their group may permute different
grading spaces and thus permute certain rows and columns of the matrixε. Finally, once
the Jacobi conditions (1.6) are solved, it is still possible to normalize some matrix elements
in εµν by performing a non-singular change of basis, compatible with the grading. This
amounts to the transformation

εµν → αµαν

αµ + ν
εµν (3.1)

obtained by multiplying each element in the spaceµ box by a non-zero constantαµ.
The problem of finding all inequivalent contractions for a given grading of a Lie algebra

L thus boils down to several steps:
1. Solve the Jacobi relations (1.6) and obtain all admissible contraction matricesε. For

low values ofM, like Z2 or Z3 gradings, this is easy to do. ForM > 4 it is preferable to
solve equations (1.6) in a computer-assisted manner. This was done in the present case for
L ∼ sl(3, C).

2. Use the Demazure–Tits group to eliminate equivalent matricesε.
3. Use the change of basis (3.1) to normalize as many non-zero matrix elementsεµν as

possible.
4. Analyse all limitsεµν → 0 for one or more of the matrix elements of the remaining

contraction matricesε, compatible with the Jacobi relations.
The overall procedure can be simplified by starting from the coarsest non-trivial

gradings, theZ = 2 one and one of theZ = 3 ones in the present case. All possible
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inequivalent graded contractions for the coarsest gradings should be found. Then, the
gradings should be successively refined and only genuinely new, inequivalent, contractions
should be added to those obtained for the coarser grading.

The procedure will now be followed for thesl(3, C) algebra.
At the final level,M = 7, the root space grading, we shall recover the results of [6]

(and correct some misprints). The contracted algebras were denotedC1, . . . , C32 and we
shall use the same notation to relate the present results to the previous ones.

Note that if we putk = 0 in relations (1.6) we obtain

εij (ε0i − ε0j ) = 0 (3.2)

Thus, forε0i 6= ε0j we must haveεij = 0 identically. This means that all contractions for
ε0i 6= ε0j are discrete.

Without repeating it below, we mention that for each grading we obtain the two trivial
contractionsL → L and L → nL1 (Abelian) respectively by choosingεµν = 1, and
εµν = 0, for all µ, ν.

3.2. TheM = 2 grading

From figure 1 we see that, up to equivalence, only oneM = 2 grading exists. The contents
of the grading spaces 0 and 1 are indicated in figure 1.

We have

ε =
(

ε00 ε01

ε01 ε11

)
(3.3)

and the Jacobi identities are

ε01(ε00 − ε01) = 0 ε11(ε00 − ε01) = 0. (3.4)

After normalization (3.1) we find precisely three inequivalent contractions

ε1 =
(

11

10

)
ε2 =

(
00

01

)
ε3 =

(
10

00

)
. (3.5)

The first leads to the non-decomposable unsolvable algebraC2 of [6] and table 2 with Levi
decomposition

C2 ∼ sl(2, C) F A5,7(1, −1, −1) (3.6)

(the algebraA5,7(a, b, c) is defined in appendix 1, as are other algebras used below).
Matrix ε2 leads to the non-decomposable nil-potent Lie algebraC9 of [6]. Matrix ε3

corresponds to a decomposable unsolvable Lie algebra

C11 ∼ sl(2, C) ⊕ 5A1. (3.7)

The contractions corresponding toε1 andε2 are continuous(ε00 = ε01, whereas that ofε3

is discrete(ε00 6= ε01).

3.3. TheM = 3, (012) grading

We haveL0, L1, L−1 as in figure 1. The contraction matrix is

ε =
( ε00 ε01 ε0−1

ε01 ? ε1−1

ε0−1 ε1−1 ?

)
(3.8)
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satisfying

ε01(ε00 − ε01) = 0 ε1−1(ε01 − ε0−1) = 0

ε0−1(ε00 − ε0−1) = 0 ε1−1(ε00 − ε01) = 0.
(3.9)

The asterisks in equation (3.8) signify that the elements ofsl(3, C) in the corresponding
positions commute, so the contraction parameters (in this caseε11 andε−1−1) are not defined.

From figure 1 we see that the(012) grading is a refinement of the(011) grading,
considered above. To obtain new contracted algebras with respect to theM = 2 case, we
must impose

ε01 6= ε0−1. (3.10)

The new contractions will hence all be discrete. From equation (3.8) we haveε1−1 = 0.
This leads to a single new contraction,occurring for

ε00 = ε01 6= 0 ε0−1 = 0 (3.11)

(or equivalentlyε00 = ε0−1 6= 0, ε01 = 0). The contracted algebra is decomposable and
unsolvable, namely

C12 ∼ aff(2, C) ⊕ 2A1.

3.4. TheM = 3, (111) grading

The secondM = 3 grading is not equivalent to the first one. Moreover, it is not a refinement
of the M = 2 grading. The contraction matrix is

ε =
( ? ε01 ε0−1

ε01 ε11 ε1−1

ε0−1 ε1−1 ε−1−1

)
(3.12)

satisfying

ε11(ε01 − ε0−1) = 0 ε11ε−1−1 − ε01ε1−1 = 0

ε−1−1(ε01 − ε0−1) = 0 ε11ε−1−1 − ε0−1ε1−1 = 0

ε1−1(ε01 − ε0−1) = 0.

(3.13)

Continuous contractions are obtained forε01 = ε0−1 6= 0, ε11ε−1−1 = ε01ε1−1, discrete ones
otherwise. The different possibilities are (see appendix 1 for further explanation):

(1) ε01 = ε0−1 = 1, ε11 = 1, ε−1−1 = ε1−1 = 0. We obtain the non-decomposable,
solvable, non-nil-potent Lie algebraC7 with a six dimensional non-decomposable nil-radical
A6,3.

(2) ε01 = ε0−1 = 1, ε11 = ε1−1 = ε−1−1 = 0. We obtain a special case of
the non-decomposable solvable non-nil-potent algebraC3, with an Abelian nil-radical
6A1. The algebraC3 of [6] depends on five parameters; here they are all set equal to
ε0i = 1, i = ±1, ±2, ±3.

(3) ε01 = ε0−1 = 0, ε11 = ε−1−1 = 0, ε1−1 = 1. We obtain the non-decomposable
nil-potent Lie algebraC8 with

DS : (8, 2, 0) CS : (8, 2, 0) US : (2, 8).

Here and below DS, CS and US stand for derived series, central series, and upper central
series, respectively [14–16].

(4) ε01 = ε0−1 = 0, ε11 = 0, ε−1−1 = 1, ε1−1 = 1. We obtain the non-decomposable
nil-potent Lie algebraC10 with

DS : (8, 5, 0) CS : (8, 5, 2, 0) US : (2, 5, 8).



Contractions of Lie algebras and their invariants 7529

(5) ε01 = ε0−1 = 0, ε11 = 0, ε1−1 = 0, ε−1−1 = 1. The contracted algebra is
decomposable and nil-potent, namely

C28 = A6,3 ⊕ 2A1.

The discrete contractions obtained in this case are:
(6) ε01 = 1, ε0−1 6= 0, 1, ε11 = ε−1−1 = ε1−1 = 0. The contracted algebra is non-

decomposable, solvable, non-nil-potent, namely a special case ofC3, depending on one
parameter, rather than 5.

(7) ε01 = 1, ε0−1 = 0, ε11 = ε−1−1 = ε1−1 = 0. We obtain a decomposable, solvable,
non-nil-potent algebra, a special case ofC18 (with a = b = 1, see [6]).

3.5. TheM = 4, (211) grading

For the contents ofL0, L1, L2 andL−1 see figure 1. The contraction matrix is

ε =


? ε01 ε02 ε0−1

ε01 ε11 ε12 ε1−1

ε02 ε12 ε22 ε2−1

ε0−1 ε1−1 ε2−1 ε−1−1

 (3.14)

and the Jacobi identities imply

ε11(ε01 − ε02) = 0 ε2−1(ε01 − ε0−1) = 0

ε−1−1(ε02 − ε0−1) = 0 ε2−1(ε01 − ε02) = 0

ε1−1(ε01 − ε0−1) = 0 ε2−1(ε02 − ε0−1) = 0

ε11ε22 − ε12ε1−1 = 0 ε11ε2−1 − ε1−1ε02 = 0

ε22ε−1−1 − ε2−1ε1−1 = 0 ε12ε2−1 − ε22ε01 = 0

ε11ε2−1 − ε1−1ε01 = 0 ε12ε−1−1 − ε1−1ε0−1 = 0

ε−1−1ε12 − ε1−1ε02 = 0 ε12ε2−1 − ε22ε0−1 = 0.

(3.15)

Let us again start from the contractions, satisfyingε01 = ε02 = ε0−1 = λ, where we can
normalizeλ = 1, or λ = 0

(a) λ = 1. Relations (3.14) then reduce to

ε1−1 = ε11ε2−1 = ε12ε−1−1 ε22 = ε12ε2−1. (3.16)

For ε1−1 6= 0, ε22 6= 0 no contraction occurs. Forε1−1 = 0, ε22 = 1 we re-obtain the non-
decomposable unsolvable algebraC2 of table 1 that has occurred already for theM = 2
grading. In all other cases we obtain non-decomposable solvable non-nil-potent algebras.
Depending on the values ofε12, ε2−1, ε11 andε−1−1 we obtain special cases ofC3, C4, C5,
C6 and also re-obtainC7 (see table 2).

(b) λ = 0. Relations (3.14) in this case reduce to

ε11ε2−1 = 0, ε12ε2−1 = 0 ε12ε−1−1 = 0

ε11ε22 = ε12ε1−1 ε22ε−1−1 = ε2−1ε1−1.
(3.17)

All contracted algebras are nil-potent and in this way we re-obtain algebrasC8, C9, C10,
andC28 and the new algebrasC27, C29, C30, andC31 of table 2.

All other contractions are discrete. The cases that occur are:
(c)

ε =


? a b b

a 0 0 0
b 0 0 0
b 0 0 1

 . (3.18)
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The algebras obtained are special cases ofC4 andC17 andC23.
(d)

ε −


? 0 1 0
0 0 0 0
1 0 1 0
0 0 0 0

 . (3.19)

The contracted algebra isC11, already obtained forM = 2.
(e)

ε =


? a b c

a 0 0 0
b 0 0 0
c 0 0 0

 . (3.20)

For abc 6= 0 we obtainC3 (with two free parameters out of three). Other algebras
obtained areC16 (a special case) andC25. We also obtain two algebras overlooked in [6].
Namely, fora = c = 0, b = 1 we obtainC̃34 of table 2:

C̃34 ∼ A3,5(−1) + 5A1 ∼ {h1 + h2, e3, e−3} ⊕ {h1 − h2} ⊕ e1 ⊕ e−1 ⊕ e2 ⊕ e−2.

For a = c = 1, b = 0 we obtainC̃33 of table 1, namely

C̃33 ∼ A3,5(−1) ⊕ A3,5(−1) ⊕ 2A1 ∼ {h1 + h2, e1, e−1}
⊕{h1 + 2h2, e2, e−2} ⊕ {e3} ⊕ {e−3}.

Notice that theM = 2 contractions are recovered by coarsening this grading, i.e. putting

ε02 = ε22 ε11 = ε−1−1 = ε1−1 ε01 = ε0−1 = ε12 = ε2−1. (3.21)

3.6. TheM = 4, [011] × [110] grading (Z2 × Z2 grading)

We have a refinement of theM = 2 contractions. From the Jacobi relations we find that
the contraction matrixε must have one of the forms

ε1 =


? 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 ε2 =


? a b c

a 0 0 0
b 0 0 0
c 0 0 0


ε3 =


? 1 1 1
1 vw v w

1 v vz z

1 W z wz

 ε4 =


? 0 0 0
0 u v w

0 v y z

0 w z t


with vz = wz = vw = 0yw = uz = vt . TheM = 2 contractions correspond to

ε00,00 = ε00,01 = ε01,01 ε00,10 = ε00,11 = ε01,01 = ε01,11

ε10,10 = ε10,11 = ε11,11.
(3.22)

Thus,ε1 leads toC11, already obtained for theM = 2 grading.
The contraction matrixε2 leads a special case ofC3 for abc 6= 0 (with two free

parameters, rather than five as the general case). Forbc 6= 0, a = 0 we have a special case
of C16 (with one parameter out of three). Fora = b = 0, c = 1 we have algebrãC34.

The matrixε3 for v = w = 1, z = 0 givesC2, already obtained forM = 2. Forv = 0,
w = 0, z = 1 we obtain a special case ofC6.

The matrixε4 provides the following contractions:C8(z = w = v = 0, u = y = t = 1),
C9(z = w = t = 0, u = v = y = 1), C27(z = w = t = u = 0v = y = 1),
C30(v = w = z = u = 0, y = t = 1) andC31(v = w = z = u = y = 0, t = 1).
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3.7. TheM = 5(122) grading

TheM = 5 grading is a refinement of theM = 4 one and also ofM = 3(111). The spaces
L0, L±1, L±2 are described in figure 1. The contraction matrix is

ε =


? ε01 ε02 ε0−2 ε0−1

ε01 ε11 ? ε1−2 ε1−1

ε02 ? ? ε2−2 ε2−1

ε0−2 ε1−2 ε2−2 ? ?

ε0−1 ε1−1 ε2−1 ? ε−1−1

 (3.23)

and the Jacobi identities imply

ε1−2(ε01 − ε0−2) = 0 ε2−1(ε01 − ε02) = 0

ε1−2(ε01 − ε0−1) = 0 ε2−1(ε01 − ε0−1) = 0

ε1−2(ε0−2 − ε0−1) = 0 ε2−1(ε02 − ε0−1) = 0

ε1−1(ε01 − ε02) = 0 ε2−2(ε01 − ε0−1) = 0

ε1−1(ε01 − ε0−1) = 0 ε2−2(ε02 − ε0−2) = 0

ε1−1(ε0−2 − ε0−1) = 0 ε11(ε01 − ε02) = 0

ε1−1(ε02 − ε0−1) = 0 ε−1−1(ε0−2 − ε0−1) = 0

ε1−1(ε02 − ε0−2) = 0

ε01ε1−1ε11ε2−1 = 0 ε01ε2−2 − ε1−2ε2−1 = 0

ε0−2ε1−1 − ε1−2ε−1−1 = 0 ε02ε1−1 − ε11ε2−1 = 0

ε0−1ε2−2 − ε1−2ε2−1 = 0 ε0−1ε1−1 − ε1−2ε−1−1 = 0

ε11ε2−2 − ε1−2ε1−1 = 0 ε−1−1ε2−2 − ε2−1ε1−1 = 0.

(3.24)

To avoid algebras already obtained forM = 4, we must put

ε02 6= ε0−2. (3.25)

Continuous contractions are obtained forε01 = ε02 = ε0−2 = ε0−1 = λ, λ = 1, or
λ = 0, hence they were already obtained forM = 4.

Analysing equation (3.23) and keeping in mind (3.24), we see that only the following
distinct contraction matrices are allowed

ε1 =


? a a b a

a 0 ? 0 0
a ? ? 0 1
b ? 0 ? ?

a 0 1 ? 0

 ε2 =


? a a b c

a 1 ? 0 0
a ? ? 0 0
b 0 0 ? ?

c 0 0 ? 0



ε3 =


? a a b b

a 1 ? 0 0
a ? ? 0 0
b 0 0 ? ?

b 0 0 ? 1

 ε4 =


? a b c d

a 0 ? 0 0
b ? ? 0 0
c 0 0 ? ?

d 0 0 ? 0

 .

(3.26)

In ε1, ε2 andε3 we havea 6= b, in ε4 we haveb 6= c.
The caseε1 leads to algebrasC5, C15 and C20 (for a 6= 0, b = 0; a = 1, b = 0; and

a = 0, b = 1, respectively).
The matrixε2 leads to the algebrasC4 (with two out of three parameters,abc 6= 0), C14

(ac 6= 0, b = 0, one parameter out of two),C17 (b = 0, ac 6= 0), C21 (a = 0, bc 6= 0, one
parameter out of two),C19(a = 1, b = c = 0) andC24 (a = c = 0, b = 1).
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The matrixε3 leads to the general case of the algebraC6 (one parameter,ab 6= 0). For
a = 1, b = 0 (or a = 0, b = 1) we obtain the algebraC22 ∼ A5,38⊕A3,1 (due to a misprint
in [6], C22 was identified asA5,38 ⊕ 3A1).

For ε4 we obtain special cases ofC3, C13, C16, andC18 and also the general case of
C26 and C̃34

3.8. TheM = 6[312] grading

The M = 6 grading is a refinement of bothM = 4 gradings, as well as one of theM = 3
gradings. Seven different contraction matricesε1 . . . ε7 are allowed by the Jacobi identities.
We shall not spell them out here. The contents of the individual grading levels are shown
in figure 1.

No new classes of contracted algebras are obtained at this level. Class 4C3 makes
its reappearance, this time with four free parameters out of five possible ones. Similarly,
for C13 we obtain one more parameter (three out of four), forC16 and C19 we obtain the
general cases with three and two parameters, respectively.

3.9. TheM = 7[124] grading

This grading, the finest toroidal one, was studied in detail earlier [6]. On its own, it yields
all toroidal contractions, corresponding to seven different types of contraction matrices.

However, theM = 7 grading is a refinement of theM = 6, andM = 5 ones and as
such, adds very little to the picture we already have.

Indeed, forM = 7 we re-obtain the algebrasC3, C4, C13, C14 andC21, this time with
the complete set of five, three, four, two and two parameters, respectively.

3.10. Summary of results

Table 2 contains a list of all Lie algebras obtained by one of the graded contractions of
sl(3, C). In column 1 we repeat the symbolC1, . . . , C32 given to the algebras in [6]
(algebrasC̃33 andC̃34 were omitted). In columns 2 and 3 we characterize the isomorphism
class of the Lie algebra obtained, following principles outlined elsewhere [16]. Algebras of
typeA, B andC are non-decomposable,D, E andF are explicitly decomposed into direct
sums. Non-trivial Levi decompositions [16–18] are denotedS F R, whereS is semisimple
(actually simple and equal tosl(2, C) in our case) andR is the radical (maximal solvable
ideal). For typeB algebras (non-decomposable, solvable, but not nil-potent), we identify the
nil-radical (maximal nil-potent ideal) in column 3. For typeC algebras (non-decomposable
nil-potent) we give the derived series, lower central series and upper central series [16–18]
in Column 3.

All Lie algebras of dimensiond 6 5 have been classified; nil-potent Lie algebras have
been classified up to dimensiond = 6 (see [19] and references therein). The notations
Ap,q (e.g.A3,1 or A5,7(1, −1, −1)) were introduced earlier [19]. The first label denotes the
dimension of the Lie algebra, the second simply enumerates different isomorphism classes
of Lie algebras of the same dimension. Some of the representative Lie algebras depend on
continuous parameters. These are put in brackets, e.g.A5,7(a, b, c). The algebrasA(7),
B(7), C(7), A(6), B(6) andD(6) are defined in appendix 1.

In the last column we specify the lowest grading at which a given Lie algebra first
occurs. The letterC indicates a continuous contraction,D a discrete one.

The Lie algebras obtained by the contractions can depend on continuous parameters, up
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to five of them, as a matter of fact. The parameters are non-zero values of the contraction
coefficientsεµv that figure in a non-removable way in the commutation relations. Thus,
they cannot be annulled, or normalized to some chosen number by a change of basis after
the contraction. It turns out that all parameters have the same origin. They are values of the
contraction coefficientsε0µ(µ = ±1, ±2, ±3), i.e. they are directly related to eigenvalues
of the operatorsh1 andh2. For continuous contractions we haveε0µ = λ, with λ = 0, or λ

normalizable toλ = 1. Hence, continuous parameters occur in discrete contractions only.
From table 2 we see that all continuous contractions correspond to gradings withM 6 4.

What occurs forM = 5 is that some new discrete contractions occur, always leading
to solvable decomposable Lie algebras. Typically, solvable Lie algebras, depending on
parameters, first occur with an incomplete set of parameters. Further refinements of the
grading then remove constraints on the parameters.

Nilpotent Lie algebras are all obtained by continuous contractions. The reason for this
is that they all correspond toε0µ = 0 (for all values ofµ). All unsolvable Lie algebras in
the list contain ansl(2, C) subalgebra and are obtained forM 6 3.

4. Casimir operators of the contracted Lie algebras

4.1. General comments

The Lie algebrasl(3, C) is of rank 2 and as such has two independent Casimir operators,
i.e. operators in the enveloping algebra ofsl(3, C), spanning the centre of the enveloping
algebra (and hence commuting with all elements of the Lie algebra).

The following question arises. What happens to these Casimir operators when the
algebrasl(3, C) undergoes a contraction? For continuous contractions we can treat the
graded contraction as a singular change of basis. The contraction parameters will then
figure in the Casimir operators themselves and we can view their limits by inspection. We
must, however, keep in mind that whilesl(3, C) has precisely two such operators, the
contracted algebras may have more. Indeed, in the extreme case of an Abelian Lie algebra,
every basis element of the Lie algebra is a Casimir operator.

For discrete contractions the situation is quite different. No continuous limiting
procedure is possible, essentially by definition. Moreover, the concept of a Casimir operator
must be generalized, to go beyond polynomials in the generators.

A fruitful way of doing this is to view the Casimir operators as being associated with
invariants of the co-adjoint representation of the corresponding Lie groupG [19–24]. Such
invariants can be calculated directly as follows. Choose a basis for the corresponding Lie
algebraL in which the commutation relations are

[Xi, Xk] = CiklXl 1 6 i, k, l 6 N. (4.1)

Represent the operatorsXi in the co-adjoint representation by the vector fields

X̂i = −Ciklxk

∂

∂xl

(4.2)

acting on functionsF(x1, . . . , xN). The invariants are obtained as a set of functionally
independent solutions of the linear first-order differential equations

XiF (x1, . . . , xN) = 0 i = 1, . . . , N. (4.3)

If the solutions are polynomials, we obtain the Casimir operators by replacing the variables
xi by the generatorsXi and symmetrizing, whenever necessary. If the solutions are
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rational functions, or more general functions, e.g. transcendental functions, we shall call
the corresponding operators ‘generalized Casimir operators’.

We have calculated the invariants of the co-adjoint representation directly for all Lie
algebras obtained by the contractions. In all cases at least two independent invariants exist.
For continuous contractions the invariants are always polynomials in the generators. For
discrete ones we sometimes obtain expressions involving arbitrary powers of the generators,
not necessarily positive integer ones. Examples will be given below.

Thesl(3, C) invariants are of course well known and in the basis we are using we write
them as

C(2) = h2
1 + h2

2 + h1h2 + 3(e1e−1 + e2e−2 + e3e−3)

C(3) = 3h1h2(h1 − h2) + 2(h3
1 − h3

2) + 9(e1e−1 − 2e2e−2 + e3e−3)h1

+9(2e1e−1 − e2e−2 − e3e−3)h2 + 27(e1e2e3 + e−1e−2e−3).

(4.4)

Note that these are invariants of the co-adjoint representation so thathi and eµ are
commuting variables. We shall not perform the symmetrization needed to obtain the actual
Casimir operators.

4.2. Casimir operators for continuous contractions

Let us run through all continuous contractions in table 2, following the degree of the grading.

M = 2. We go to a new basis by multiplying all elements of the level 0{h1, h2, e3, e−3}
by a constantα, those of level 1{e1, e−1, e2, e−2} by a constantβ. The contraction matrix
is then expressed as

ε =
(

ε00 ε01

ε01 ε11

)
=

(
α α

α
β2

α

)
. (4.5)

The invariants (4.4) in the new basis are

(2) = 1

α2
(h2

1 + h2
2 + h1h2 + 3e3e−3) + 3

β2
(e1e−1 + e2e−2)

C(3) = 1

α3
{3h1h2(h1 − h2) + 2(h3

1 − h3
2) + 9e3e−3(h1 − h2}

+ 1

αβ2
{9(e1e−1 − 2e2e−2)h1 + 9(2e1e−1 − e2e−2)h2

+27(e1e2e3 + e−1e−2e−3)}.

(4.6)

A direct calculation shows that the algebraC2 of table 2 has two Casimir invariants,
correctly obtained in the limit as

β2C(2)

3
→
β→0
α=1

I1 = e1e−1 + e2e−2

β2C(3)

9
→
β→0
α=1

I2 = e1e−1(h1 + 2h2) − e2e−2(2h1 + h2) + 3(e1e2e3 + e−1e−2e−3).

(4.7)

The other algebra obtained by a continuous contraction in theM = 2 case is the non-
decomposable nil-potent Lie algebraC9. It is obtained by puttingβ2 = α → 0. The algebra
C9 has a four-dimensional centre

C(L) = {h1, h2, e3, e−3}. (4.8)
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Thus, all four elements ofC(L), i.e. of the level 0 in the grading, are invariants. Taking
the limit β2 = α → 0 in α2C(2) andα3C(3) we obtain two invariants that are polynomials
in the generators (4.8). In other words, we obtain only two invariants instead of the four
existing ones.

M = 3. Only one of the twoM = 3 gradings provides continuous graded contractions,
namely the [111] grading. To obtain these contractions as singular changes of basis, we
multiply the elements ofL0 = {h1, h2}, L1 = {e1, e2, e3} andL−1 = {e−1, e−2, e−3}, by the
constantsα, β, andγ , respectively. The contraction matrix is( ? ε01 ε0−1

ε01 ε11 ε1−1

ε0−1 ε1−1 ε−1−1

)
=

 α α α

α
β2

γ

βγ

α

α
βγ

α

γ 2

β

 . (4.9)

The sl(3, C) invariants in the new basis are

C(2) = 1

α2
(h2

1 + h2
2 + h1h2) + 3

βγ
(e1e−1 + e2e−2 + e3e−3)

C(3) = 1

α3
{3h1h2(h1 − h2) + 2(h3

1 − h3
2)}

+ 9

αβγ
{(e1e−1 − 2e2e−2 + e3e−3)h1 + (2e1e−1 − e2e−2 − e3e−3)h2}

+27

β3
e1e2e3 + 27

γ 3
e−1e−2e−3.

(4.10)

Let us now consider the algebras of table 2, obtained by continuous contractions for
this grading.

AlgebraC3 (with all parametersε0i = 1, i = ±1, ±2, ±3). We must set

α = 1, β = γ p 1
2 < p < 2, γ → 0 (4.11)

to obtainε11 = ε1−1 = ε−1−1 → 0.
A direct calculation shows thatC3 has four functionally independent invariants. A

suitable basis is

I1 = e1e−1 I2 = e2e−2 I3 = e3e−3 I4 = e1e2e3. (4.12)

The limiting procedure for the invariantsC(2), C(3) of equation (4.10) provides the invariants
I1 + I2 + I3, I4 (for 1 < p < 2), andI1I2I3/I4 (for 1

2 < p < 1), i.e. only 3 out of the 4
invariants.

AlgebraC7. The contraction limits are

α = 1 γ = β2 → 0. (4.13)

The solvable non-decomposable Lie algebraC7 has two invariants, correctly obtained
in the limit as

β3

3
C(2) → I1 = e1e−1 + e2e−2 + e3e−3

β6

27
C(3) → I2 = e−1e−2e−3.

(4.14)
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AlgebraC8. We must set

α = γ p+1β = γ p 1
2 < p < 1 γ → 0. (4.15)

The non-decomposable nil-potent Lie algebra obtained,C8, has two invariants,h1

and h2. The sl(3, C) Casimir operators correctly contract to two different homogenous
polynomials inh1 andh2.

AlgebraC10. We set

α = γ 3 β = γ 2 γ → 0. (4.16)

The situation is the same as forC8. Two invariants exist for the contracted algebra:
h1 andh2; elements of the centre ofC8. The sl(3, C) invariants correctly contract to two
different polynomials inh1 andh2.

AlgebraC28. To obtain this algebra, we set

γ = αp β = γ 2p 1
3 < p α → 0. (4.17)

The contracted algebra is nil-potent and decomposable. It has 6 invariants:

h1, h2, e1, e2, e3 I = e1e−1 + e2e−2 + e3e−3. (4.18)

From C(2) we obtain two invariants in theα → 0 limit, namely h2
1 + h2

2 + h1h2 for
1
3 < p < 2

3, ande1e−1 + e2e−2 + e3e−3, if we choose2
3 < p.

From C(3) we obtain two more, namely a further polynomial inh1, h2 for 1
3 < p < 1

2,
e1e2e3 for p > 1

2. Thus, 4 out of 6 invariants ofC28 can be obtained as limits of the two
sl(3, C) invariants.

M = 4. We need only consider one of the twoM = 4 gradings, namely the [211] grading,
since the other one gives equivalent results. The new basis is obtained by multiplying
elements of the zero level{h1, h2} by α, level 1 {e1, e2} by β, level 2 {e3, e−3} by γ and
level −1 {e−1, e−2} by δ. The contraction matrix is

ε =


? ε01 ε02 ε0−1

ε01 ε11 ε12 ε1−1

ε02 ε12 ε22 ε2−1

ε0−1 ε1−1 ε2−1 ε−1−1

 =


α α α α

α
β2

γ

βγ

δ

βδ

α

α
βγ

δ

γ 2

α

γ δ

β

α
βδ

α

γ δ

β
δ2

γ

 . (4.19)

The sl(3, C) Casimir operators in the new basis are

C(2) = 1

α2
(h2

1 + h2
2 + h1h2) + 3

βδ
(e1e−1 + e2e−2) + 3

e3e−3

γ 2

C(3) = 1

α3
{3h1h2(h1 − h2) + 2(h3

1 − h3
2)}

+ 9

αβδ
{(e1e−1 − 2e2e−2)h1 + (2e1e−1 − e2e−2)h2}

+ 9

αγ 2
e3e−3(h1 − h2) + 27

β2γ
e1e2e3 + 27

γ δ2
e−1e−2e−3.

(4.20)

Let us run through the continuous contractions in this case.
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AlgebraC4 (with all ε0i = 1). In this case we put

α = 1 γ = δ2 β = δp 1 < p < 3 δ → 0. (4.21)

The algebra has two invariants both correctly obtained from thesl(3, C) invariants in the
δ → 0 limit, namely

I1 = e3e−3 I2 = e1e2e3. (4.22)

AlgebraC5 (with all ε0i = 1). We put

α = 1γ = δp β = δp+1 0 < p < 2 δ → 0. (4.23)

Again, two invariants exist, both of which can be obtained as limits ofC(2) andC(3),
namely

I1 = e1e−1 + e2e−2 I3 = e1e2e3. (4.24)

AlgebraC6 (with all C0i = 1). We put

α = 1 β = δ γ = δ2 δ → 0. (4.25)

The algebraC6 has two invariants, correctly obtained in theδ → 0 limit as

I1 = e3e−3 I2 = e3e−3(h1 − h2) + 3(e1e2e3 + e−1e−2e−3). (4.26)

AlgebraC27. To obtain this nil-potent decomposable Lie algebra we put

α = δ2p β = δp+1 γ = δp 0 < p < 2. (4.27)

The algebras has four invariants, all corresponding to elements of the centre

{h1, h2, e1, e2}. (4.28)

The limits of thesl(3, C) invariants provide just two of them, namely two polynomials in
h1, andh2.

AlgebraC29. We put

α = δq β = δp+1 γ = δp 0 < p < 2 2p − q > 0 p − q + 2 > 0.

(4.29)

The algebraC29 has six invariants, five of them in the centre ofC29:

{h1, h2, e1, e2, e3, I = e1e−1 + e2e−2}. (4.30)

In the δ → 0 limit C(2) provides two of these invariants:h2
1 + h2

2 + 2h1h2 for p + 2 < 2q

ande1e−1 + e2e−2 for p + 2 > 2q. The sl(3, C) invariantC(3) also provides two: another
polynomial inh1 andh2 for 3p+2 < 3q ande1e2e3 for 3p+2 > 3q. We do not, however,
obtaine1, e2, ande3 separately.

AlgebraC30. We put

α = δq+1 β = δq γ = δp 0 < p < 2 δ → 0

2q − p > 0 2p − q − 1 > 0 p + q − 1 > 0 p − q + 1 > 0.
(4.31)

The algebraC30 has four invariants:

{h1, h2, e3, e−3} (4.32)

all elements of the centre. Three of them,h1, h2 ande3e−3 can be viewed as limits ofC(2)

andC(3) (for different values ofp andq).
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AlgebraC31. We put

α = δ2p β = δq γ = δp 0 < p < 2 δ → 0

2q − p > 0 p + q − 1 > 0 − 2p + q + 1 > 0 p − q + 1 > 0.
(4.33)

The algebraC31 has a centre of dimension 6 namely

{h1, h2, e1, e2, e−1, e−2}. (4.34)

The invariantC(2) yields two invariants namelyh2
1 + h2

2 + h1h2 for 4p > q + 1 and
e1e−1 + e2e−2 for 4p < q + 1. The invariantC(3) yields a complementary expression inh1

andh2 for 4p > q + 1 and a further invariant for 4p < q + 1.

4.3. Casimir operators for discrete contractions

For discrete contractions no continuous limiting procedure for the Casimir operators exists.
The only possibility is to calculate the invariants of the co-adjoint representation directly.
That is easy to do and we shall give several examples.

Algebra C3. Let us consider theM = 7 grading. The algebra is solvable with an
Abelian nil-radical of dimension dimNR(L) = 6. The caseM = 7 corresponds toε0µ all
different. Solvable Lie algebras of arbitrary dimension with Abelian nil-radicals and their
invariants were studied elsewhere [21]. In the case under consideration the algebra has four
independent invariants. They can be chosen to be:

I1 = e
ε0−1

1 e
ε01
−1 I2 = e

ε0−2

2 e
ε02
−2 I3 = e

ε0−3

3 e
ε03
−3 I4 = e

ε02ε03
1 e

ε01ε03
2 e

ε01ε02
3 (4.35)

where one of the constants, e.g.e01 can be normalized to beε01 = 1.
If all ε0µ are equal, we can setε0µ = 1 and we re-obtain the continuous case with

invariants (4.12). Notice that the invariants are rational only if the ratiosε0µ/ε0−µ and
ε01/ε02, ε01/ε03 are themselves rational.

AlgebraC11. The algebra, obtained by theM = 2 discrete contraction, decomposes
into sl(2, C) and 5 one-dimensional algebras. The invariants hence are

I = (h1 + h2)
2 + 4e3e−3, e1, e−1, e2, e−2, h1 − h2. (4.36)

AlgebraC19. This Lie algebra occurs at the levelM = 5. It is the direct sum of a
five-dimensional solvable Lie algebra and 3 one-dimensional ones. The solvable Lie algebra
A5,38 has a three- dimensional nil-radical that is a Heisenberg algebra. Such algebras were
classified for all dimensions and their invariants are known [24]. Thus, the algebraC19 has
four functionally independent invariants

I1 = e−1 I2 = e−2 I3 = e3 I4 = (h1 − h2)e−3 + 3e1e2

e3
. (4.37)

Notice thatI4 is rational, but not polynomial, in keeping with the general results for this
type of Lie algebra [24].

It is quite easy to calculate the invariants for all other Lie algebras in table 2, but we
shall not present the results here.
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5. Conclusions

A detailed study of toroidal graded contractions for the Lie algebrasl(3, C) has brought
out some general features, which we intend to pursue further. One is the great richness
of the results, i.e. the diversity of Lie algebras obtained by different contractions, already
for relatively coarse gradings. The finer gradings (M > 5 for sl(3, C)) contribute only to
discrete contractions and only ‘refine’ the possible values of parameters that characterize
classes of solvable Lie algebras.

The study of all graded contractions ofsl(3, C) ordered according to the hierarchy of
gradings makes evident three important advantages of the grading preserving approach to
the study of contractions:

(1) Besides the ‘continuous’ solutions of equation (1.6) corresponding to the generalized
Wigner–Inonu contractions one also obtains all the ‘discrete’ solutions of (1.6), i.e. the
discrete contractions.

(2) Even if one is interested exclusively in the continuous contractions, there is an
important simplification here. Rather than analysing all the singular basis transformations
at once, which evidently is a difficult and unruly problem, the graded approach allows one
to split that problem into well-defined smaller ones corresponding to each non-equivalent
grading. Moreover, a physics problem usually imposes additional restrictions on possible
contractions, namely that certain subalgebras should not be deformed during a contraction.
The latter requirement is in this approach inplemented in an elementary manner, further
restricting the range of gradings one needs to study [9].

(3) Finite gradings of representations ofsl(3, C), or of any semisimple Lie algebra, are
well known and straightforward to describe [13]. Therefore, the study of graded contractions
of representations of a Lie algebra is a well-defined problem [7] similar to the one solved
here for (the adjoint representation of)sl(3, C).

Some conclusions can also be drawn from section 4, concerning contractions of Casimir
operators. We have seen that at least for continuous contractions, thesl(3, C) invariants
always contract to invariants of the contracted Lie algebras. In some cases all the invariants
of the contracted algebras are obtained, in others only a subset of them. This is related to a
more general and yet unresolved problem, namely the contraction of the universal enveloping
algebra of a Lie algebra and its relation to the enveloping algebra of the contracted Lie
algebra. Many algebras obtained by the contractions, specially the nil-potent Lie algebras
and some of the decomposable ones, acquire centres produced by the contraction. This
is the main source of ‘missing’ invariants. The number of these missing invariants can
serve as a measure of the distortion of the original Lie algebra by the contraction. The
original applications [1–3] of Lie algebra contractions were to relate different physical
theories amongst each other and thus to provide a mathematical tool for the correspondance
principle.

Other applications of contractions arise once we are able to implement them analytically,
i.e. introduce contractions parameters into a realization of the considered algebras. As an
example, consider the problem of separation of variables for a Laplace–Beltrami operator
(or Hamilton–Jacobi operator) on a homogeneous space. For simplicity consider a sphere
S2 ∼ O(3)/O(2). Two separable coordinate systems exist: spherical and elliptic. In
the limit when the radiusR of the spheres satisfiesR → ∞ we obtain a Euclidean
plane E2 ∼ E(2)/O(2) where E(2) is the Euclidean group. Four separable coordinate
systems exist onE2: cartesian, polar, parabolic and elliptic. All of them are recovered in
appropriately chosen contraction limits [25]. Indeed, using geodesical coordinates [26],x1
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andx2 we realize theo(3) algebra as

π1 = ∂

∂x1
+ 1

R2
x1

(
x1

∂

∂x1
+ x2

∂

∂x2

)
π2 = ∂

∂x2
+ 1

R2
x2

(
x1

∂

∂x1
+ x2

∂

∂x2

)
L3 = x1

∂

∂x2
− x2

∂

∂x1

(5.1)

with commutation relations

[L3, π1] = π2 [L3, π2] = −π1 [π1, π2] = L3

R2
. (5.2)

For R < ∞ we haveo(3), for R → ∞ we obtain e(2). Pursuing the contraction
analytically, one obtains relations between partial differential equations and the separated
ordinary differential equations. Furthermore, one obtains asymptotic formulas for the special
functions occurring as solutions [25].

A related application is to symmetries of linear, and specially nonlinear, differential
equations [27, 28]. As the simplest example, consider the algebrasl(2, R). Two continuous
graded toroidal contractions exist:

sl(2, R) → p(1, 1) sl(2, R) → A3,1 (5.3)

wherep(1, 1) is the Lie algebra of the Poincaré group in 1+ 1 dimensions andA3,1 is the
Heisenberg algebra. The first can be realized by putting

ĥ = x∂x − y∂y êε = −x∂u + 2εu∂y f̂ε = y∂u − eεu∂x. (5.4)

The commutation relations are

[ĥ, êε] = êε, [ĥ, f̂ε] = −fε, [eε, fε] = 2εh (5.5)

i.e. sl(2, R) for ε 6= 0, p(1, 1) for ε → 0. This can be used to study relations between
SL(2, R) and P(1, 1) invariant partial differential equations, if we consideru to be a
dependent variable,x andy independent ones.

Choosing

hα = 1
2(αx + 1)∂x − 1

2αy∂y eα = (αx + 1)∂y f = y∂x (5.6)

we havesl(2, R) commutation relations farα 6= 0, A3,1 ones forα → 0. Again this can
be used to relateSL(2, R) invariant ordinary differential equations to equations invariant
under the Heisenberg group. In this casey is to be considered as a dependent variable,x

an independent one.
Finally, let us add a few words on possible applications of the contractions of the Lie

algebrasl(3, C) studied in this article.
The first is somewhat speculative and concerns condensed matter physics. The real form

SL(3, R) of the groupSL(3, C) occurs as the symmetry group of the constitutive functionals
of certain simple materials [29]. If the conditions under which this symmetry pertains are
relaxed, or modified, e.g. by placing the materials in external fields, the symmetry group
will be changed. In particular, it may be reduced to a subgroup ofSL(3, R), as investigated
by Nono [29]. On the other hand, it may be distorted into one of the contracted Lie algebras
obtained in this article.

A second application that we are actively pursuing is in the theory of special functions.
It will be known that multivariable special functions, in particular Appell’s generalized
hypergeometric functions, can be associated with representations of Lie groups, or quantum
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groups [30–35]. In most cases the considerations were restricted to polynomials and the
relevant groupG is compact, in particularSU(3) [31, 33]. If more general special functions
are allowed [30], the underlying group will be a non-compact form of the groupG, e.g.
SU(2, 1), SL(3, R), or SL(3, C). Many, possibly all, properties of these special functions
then follow from group theoretical considerations. The contractions studied in this article,
will then provide relations between the special functions, in particular Appell functions,
based onSL(3, C), and those based on the contracted groups.

Realizing the programme of applications outlined above is no mean task. While work
in this direction is in progress, reporting on it is well beyond the scope of the present article.
However, methods developed in a previous article [25], devoted to contractions ofO(3) and
the corresponding special function theory are directly applicable toSL(3, C) contrations.
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Appendix. Bases for Lie algebras used in the text and in table 2

For all Lie algebras of dimension dimL 6 5 and for nil-potent Lie algebras of dimension
dimL 6 6 we use the notations of [19]. For others we use notations compatible with [6].
Below we give all nonzero commutation relations in a basis{x1, . . . , xn}:
A2,1 [x1, x2] = x1

A3,1 [x2, x3] = x1

A3,5(a) [x1, x3] = x1 [x2, x3] = ax2

A5,1 [x3, x5] = x1 [x4, x5] = x2

A5,7(a, b, c) [x1, x5] = x1 [x2, x5] = ax2 [x3, x5] = bx3 [x4, x5] = cx4

A5,33(a, b) [x1, x4] = x1 [x3, x4] = bx3 [x2, x5] = x2 [x3, x5] = ax3

A5,38 [x1, x4] = x1 [x2, x5] = x2 [x4, x5] = x3

A6,3 [x1, x2] = x6 [x1, x3] = x4 [x2, x3] = x5.

The algebrasA(6), B(6), A(7), B(7) andC(7) are all solvable. ForA(6) andA(7) the
nil-radicals are Abelian, forB(6) the nil-radical isA3,1 ⊕A1, for B(7) it is A3,1 +2A1. The
nil-radical of C(7) is the non-decomposable nil-potent Lie algebraA5,1. In all cases we
denote elements of the nil-radicalxi . The two elements inL/NR(L) will be denoted{h1, h2}
and this reflects their origin in the contraction. We shall give the non-zero commutation
relations in the nil-radical and represent the action ofh1, h2 on the nil-radical by two
diagonal matrices:

[h1, xi ] = Aiixi, [h2xi ] = Biixi (A.1)

(no summation overi). We have:

A(6) A = diag(2, −ε02, −2ε0−1, ε0−3)

B = diag(−1, 2ε02, ε0−1, ε0−3)

A(7) A = diag(2, −ε02, −2ε0−1, ε0−2, ε0−3)
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B = diag(−1, 2ε02, ε0−1, −2ε0−2, ε0−3)

B(6) A = diag(2, −1, −2ε0−1, 1)

B = diag(−1, 2, ε0−1, 1)

[x2, x3] = x1

B(7) A = diag(2, −1, −2ε0−1, ε0−2, 1)

B = diag(−1, 2, ε0−1, −2ε0−2, 1)

[x2, x3] = x1

C(7) A = diag(2, −1, −1, 1, 1)

B = diag(−1, 2, −1, −2, 1)

[x1, x2] = x3, [x1, x4] = −x5

(we haveε0i 6= 0 in all cases).
Finally, the algebraD(7) is nil-potent. Its upper central series, lower central series and

the derived series are:

US = (3, 7) CS= (7, 3, 0) DS = (7, 3, 0)

and non-zero commutation relations are

[x1, x2] = x3 [x1, x4] = x5 [x2, x6] = x7.
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